Abstract. Let I be a countably infinite index set, and let X be a Banach sequence space over I. In this article, we characterize disjoint hypercyclic and supercyclic weighted pseudo-shift operators on X in terms of the weights, the OP-basis, and the shift mappings on I. Also, the shifts on weighted L p spaces of a directed tree and the operator weighted shifts on ℓ 2 (Z, K) are investigated as special cases.
Introduction and preliminaries
The study of disjointness in hypercyclicity was initiated in 1970 by BernalGonzález [1] and Bès and Peris [5] , respectively. Since then, disjoint hypercyclicity was investigated by many authors, we recommend [3] , [4] , [6] , [16] and [17] for recent works on this subject.
The new notions, disjoint hypercyclic operator and disjoint supercyclic operator are derived from the much older notions of hypercyclic operator and supercyclic operator in linear dynamics. Let X be a separable infinite dimensional complex Banach space, we denote by L(X) the set of all continuous and linear operators on X. An operator T ∈ L(X) is said to be hypercyclic if there is some vector x ∈ X such that the orbit Orb(T, x) = {T n x : n ∈ N} (where N = {0, 1, 2, 3, . . .}) is dense in X. In such a case, x is called a hypercyclic vector for T. Similarly, T is said to be supercyclic if there exists an x ∈ X such that C · Orb(T, x) = {λT n x : n ∈ N, λ ∈ C} is dense in X. For the background about hypercyclicity and supercyclicity we refer to the excellent monographs by Bayart and Matheron [2] and by Grosse-Erdmann and Peris Manguillot [9] . N ≥ 2, hypercyclic (respectively, supercyclic) operators T 1 , T 2 , . . . , T N acting on the same space X are said to be disjoint or d-hypercyclic(respectively, d-supercyclic) if their direct sum ⊕ In the study of linear dynamics, one large source of examples is the class of weighted shifts. In [18] and [19] , Salas characterized the hypercyclic and supercyclic weighted shifts on ℓ p (Z) (1 ≤ p < ∞) respectively. The characterizations for weighted shifts on ℓ p (Z) (1 ≤ p < ∞) to be disjoint hypercyclic and disjoint supercyclic were provided in [5] , [14] and [12] . As generalizations of weighted shifts on ℓ p (Z) (1 ≤ p < ∞), Grosse-Erdmann [10] studied the hypercyclicity of weighted pseudo-shifts on F-sequence spaces. Hazarika and Arora considered the hypercyclic operator weighted shifts on ℓ 2 (Z, K) in [11] . And the equivalent conditions for the weighted pseudo-shifts and operator weighted shifts to be supercyclic were obtained in [13] . Inspired by these results, in [20] we characterized the disjoint hypercyclic powers of weighted pseudo-shifts as below. Theorem 1.1. [20, Theorem 2.1] Let I be a countably infinite index set and X be a Banach sequence space over I, in which (e i ) i∈I is an OP-basis. Let ϕ : I → I be an injective map. N ≥ 2, for each 1 ≤ l ≤ N, T l = T b (l) ,ϕ : X → X be a weighted pseudo-shift generated by ϕ with weight sequence b (l) = (b (l) i ) i∈I . Then for any integers 1 ≤ r 1 < r 2 < · · · · · · < r N , the following are equivalent:
(1) T 
N satisfy the d-Hypercyclicity Criterion. Remark 1.2. In paper [20] , Theorem 1.1 holds for weighted pseudo-shifts on an F-sequence space.
Note that, the weighted pseudo-shifts T b (1) ,ϕ , T b (1) ,ϕ , . . . , T b (N) ,ϕ in the above theorem are determined by different weights b (l) (1 ≤ l ≤ N) and the same injective mapping ϕ. In this article, we continue our research by considering the disjoint hypercyclicity and disjoint supercyclicity of finite weighted pseudo-shifts that are generated by different weights and different injective mappings.
The following criteria play an important role in our main results. The first criterion is due to Bès and Peris [5] and the second one is due to Martin [14] . Definition 1.3. Let (n k ) k be a strictly increasing sequence of positive integers. We say that T 1 , T 2 , . . . , T N ∈ L(X) satisfy the d-Hypercyclicity Criterion with respect to (n k ) k provided there exist dense subsets X 0 , X 1 , . . . , X N of X and mappings S l,k :
(1.1)
In general,we say that T 1 , T 2 , . . . , T N satisfy the d-Hypercyclicity Criterion if there exists some sequence (n k ) k for which (1.1) is satisfied.
If T 1 , T 2 , . . . , T N satisfy the d-Hypercyclicity Criterion with respect to a sequence (n k ) k . Then T 1 , T 2 , . . . , T N are densely d-hypercyclic. Definition 1.4. Let X be a Banach space, (n k ) k be a strictly increasing sequence of positive integers and N ≥ 2. We say that T 1 , T 2 , . . . , T N ∈ L(X) satisfy the dSupercyclicity Criterion with respect to (n k ) k provided there exist dense subsets X 0 , X 1 , . . . , X N of X and mappings S l,k :
Let N ≥ 2 and T 1 , T 2 , . . . , T N ∈ L(X) satisfy the d-Supercyclicity Criterion. Then T 1 , T 2 , . . . , T N have a dense set of d-supercyclic vectors.
To proceed further we recall some terminology about the sequence spaces and the weighted pseudo-shifts. For a comprehensive survey we recommend GrosseErdmann's paper [10] . Definition 1.5. (Sequence Space) If we allow an arbitrary countably infinite set I as an index set, then a sequence space over I is a subspace of the space ω(I) = C I of all scalar families (x i ) i∈I . The space ω(I) is endowed with its natural product topology.
A topological sequence space X over I is a sequence space over I that is endowed with a linear topology in such a way that the inclusion mapping X ֒→ ω(I) is continuous or, equivalently, that every coordinate functional f i : X → C, (x k ) k∈I → x i (i ∈ I) is continuous. A Banach (Hilbert, F-) sequence space over I is a topological sequence space over I that is a Banach (Hilbert, F-) space. Definition 1.6. (OP-basis) By (e i ) i∈I we denote the canonical unit vectors e i = (δ ik ) k∈I in a topological sequence space X over I. We say (e i ) i∈I is an OP − basis or (Ovsepian P elczyński basis) if span{e i : i ∈ I} is a dense subspace of X and the family of coordinate projections x → x i e i (i ∈ I) on X is equicontinuous.
Note that in a Banach sequence space over I, the family of coordinate projections is equicontinuous if and only if sup i∈I ||e i ||||f i || < ∞. Definition 1.7. (Pseudo-shift Operator) Let X be a Banach sequence space over I. Then a continuous linear operator T : X → X is called a weighted pseudoshift if there is a sequence (b i ) i∈I of non-zero scalars and an injective mapping ϕ :
We then write T = T b,ϕ , and (b i ) i∈I is called the weight sequence. Remark 1.8.
(
is also a weighted pseudo-shift as follows
(2) We consider the inverse ψ = ϕ −1 : ϕ(I) → I of the mapping ϕ. We also set b ψ(i) = 0 and e ψ(i) = 0 if i ∈ I \ ϕ(I), i.e. when ψ(i) is " undefined ". Then for all i ∈ I,
, and we set b ψ n (i) = 0 and e ψ n (i) = 0 when ψ n (i) is " undefined ". Definition 1.9. Let ϕ : I → I be a map on I and let (ϕ n ) n be the sequence of iterates of the mapping ϕ (that is,
. We call (ϕ n ) n is a run-away sequence if for each pair of finite subsets I 0 ⊂ I, there exists an n 0 ∈ N such that ϕ n (I 0 ) ∩ I 0 = ∅ for every n ≥ n 0 . Let ϕ 1 : I → I and ϕ 2 : I → I be two maps on I. We call the sequence (ϕ n 1 ) n is run-away with (ϕ n 2 ) n if for any finite subset I 0 ⊂ I, there exists an n 0 ∈ N such that ϕ
Disjoint hypercyclic powers of weighted pseudo-shifts
In this section, let X be a Banach sequence space over I. We will characterize disjoint hypercyclic weighted pseudo-shifts on X generated by different weights and different injective maps. Which is a generalization of Theorem 1.1.
The following is the main result in this section.
Theorem 2.1. Let X be a Banach sequence space over I, in which (e i ) i∈I is an OP-basis. Let integers 1 ≤ r 1 < r 2 < · · · < r N be given. N ≥ 2, for each (β) There exists an increasing sequence (n k ) k≥1 of positive integers such that for every i ∈ I we have:
In [10] , Grosse-Erdmann proved that if the weighted pseudo-shift T b (l) ,ϕ l is hypercyclic, then the mapping ϕ l : I → I has no periodic points, which gives that (ϕ n l ) n is a run-away sequence. By assumption I is a countably infinite set, we fix
To complete the proof of (β), we first show that for any integers k, N 0 with k ≥ 1 and N 0 ∈ N, there is an integer n k > N 0 such that for every
Let integers k ≥ 1 and N 0 ∈ N be given. Notice that (e i ) i∈I is an OP-basis, by the equicontinuity of the coordinate projections in X, there is some δ k > 0 so that for x = (x i ) i∈I ∈ X,
By the density of d-hypercyclic vectors in X and the continuous inclusion of X into K I , we can find a d-hypercyclic vector x = (x i ) i∈I ∈ X and an integer
where
3), the first inequality in (2.5) implies that
thus by the first inequality in (2.4), for each 1 ≤ l ≤ N we have that
By the second inequality in (2.6), for each i ∈ I k and 1 ≤ l ≤ N,
(ii)
(2.9)
For each i ∈ I k and 1 ≤ l ≤ N, by (2.8) and (2.9), it follows that
We deduce from (2.4) and the definition of ψ that
(2.10) By (2.3), the first inequality in (2.6) implies
So by (2.11), (2.10) and (ii) of (2.4) we obtain that: For each i ∈ I k and 1 ≤ l ≤ N,
For each i ∈ I k and 1 ≤ s < l ≤ N,
and
By the second inequality in (2.5),
Now by (2.12) and (2.15) we get that for each i ∈ I k and 1 ≤ l ≤ N,
Similarly, (2.9), (2.13) and (2.14) give that for each i ∈ I k and 1 ≤ s < l ≤ N,
Taking k = 1, 2, 3, . . . in the above argument, we can define inductively an increasing sequence (n k ) k≥1 of positive integers by letting n k be a positive integer satisfying (2.1) and (2.2) for N 0 = n k−1 (where we set N 0 = 0 when k = 1). Since for any fixed i ∈ I, there exists an integer m 0 ∈ N such that i ∈ I k for all k ≥ m 0 , the sequence (n k ) k≥1 satisfies (H1) and (H2).
(2) ⇒ (3). Suppose (2) holds and let (n k ) k≥1 be an increasing sequence of positive integers satisfying (H1) and (H2). Set X 0 = X 1 = · · · = X N = span{e i : i ∈ I} which are dense in X. For each 1 ≤ l ≤ N and integer n ≥ 1, we consider the linear mapping S l,n : X l → X given by
, we have T r l n l S l,n (e i ) = e i for i ∈ I and n ≥ 1. By (H1), for any i ∈ I and 1 ≤ l ≤ N,
An easy calculation gives that for any i ∈ I and 1 ≤ s < l ≤ N,
therefore by (H2), T r l n k l S s,n k (e i ) and T rsn k s S l,n k (e i ) both tend to 0 for any i ∈ I. Then we conclude by using linearity.
(3) ⇒ (1). This implication is obvious. Clearly, for l = 1, 2, ϕ l has no periodic points. But for any positive integer n ≥ 1, ϕ
2 . Now we illustrate Theorem 2.1 with the following example. The definitions about shifts on weighted L p spaces of directed trees are borrowed from Martínez-Avendaño [15] .
is a Banach space with the norm
Now we define the shifts
The weight assumption ensure that S 1 and S 2 are bounded on
can be seen as a Banach sequence space over I := V. Let u ∈ V, and denote by χ u the characteristic function of vertex u. Define e u := χ u . Clearly, (e u ) u∈V is an OPbasis of L p (T, λ). In this interpretation, for l = 1, 2, S l is a weighted pseudo-shift
Thus for l = 1, 2, the inverse ψ l = ϕ 
and for s = 1, l = 2,
If we let s 1 , s 2 ∈ R with 1 < s 1 ≤ s 2 . Select an arbitrary fixed vertex and call it ω * . For each u ∈ V, set
. Also, let n > d, we then have that
where the plus sign corresponds to the case where ω * is a descendant of u and the minus sign corresponds to the case where ω * is an ancestor of u. And
* is a descendant of u and u ∈ par n (V ), 
Disjoint supercyclic powers of weighted pseudo-shifts
In this section, we will extend the characterizations in Theorem 2.1 from dhypercyclicity to d-supercyclicity and will present some corollaries. Theorem 3.1. Let X be a Banach sequence space over I, in which (e i ) i∈I is an OP-basis. Let integers 1 ≤ r 1 < r 2 < · · · < r N be given. N ≥ 2, for each (2), it is enough to verify that for any positive integer k ≥ 1 and any N 0 ∈ N, there is an integer n k > N 0 such that:
For any i, j ∈ I k and 1 ≤ l, s ≤ N,
For every i ∈ I k and 1 ≤ s < l ≤ N,
Let integers k ≥ 1 and N 0 ∈ N be given. By assumption there is some δ k > 0 such that for any x = (x i ) i∈I ∈ X,
Since the d-supercyclic vectors are dense in X, there exists a d-suppercyclic vector x = (x i ) i∈I ∈ X such that
Thus we can find a complex number α = 0 and an integer 
It follows that for any
Set C := max{|y i,j | : 0 ≤ i ≤ N, j ∈ I k 0 }. By (H1), for any i, j ∈ I and 1 ≤ l, s ≤ N,
It follows that
. This implication is obvious.
Next, we consider the special case
Corollary 3.2. Let X be a Banach sequence space over I, in which (e i ) i∈I is an OP-basis.
i ) i∈I . Then for any integers 1 ≤ r 1 < r 2 < · · · · · · < r N , the following are equivalent:
(1) T (β) There exists an increasing sequence (n k ) k≥1 of positive integers such that: (H1)For any i, j ∈ I and 1 ≤ l, s ≤ N we have
(H2)For every i ∈ I and any 1 ≤ s < l ≤ N,
N satisfy the d-Supercyclicity Criterion. Proof. By Theorem 3.1, we just need to prove that (1) implies (α). Suppose on the contrary that ϕ has a periodic point, then there exists an i ∈ I and an integer M ≥ 1 such that ϕ M (i) = i. For each 1 ≤ l ≤ N and any x ∈ X, the entry of
and (x ϕ r l n (i) ) n are periodic sequences. Which implies that
can not be dense in K, it follows that the set
can not be dense in K 2 . By continuous inclusion of X into K I , the set
: α ∈ C, n ∈ N} can not be dense in X N , which is contrary to condition (1). Hence ϕ has no periodic points.
If the mapping ϕ satisfy that each i ∈ I lies outside ϕ n (I) for all sufficiently large n, which implies in particular that the sequence (ϕ n ) n is run-away. In this case, for every i ∈ I, e ψ n (i) = 0 is eventually 0 when n is large enough by the definition of ψ n . Thus (H1) and (i) of (H2) in Corollary 3.2 is automatically satisfied. Therefore the following result holds.
Corollary 3.3. Let X be a Banach sequence space over I, in which (e i ) i∈I is an OP-basis. Let integers 1 ≤ r 1 < r 2 < · · · · · · < r N be given. For each
i ) i∈I , so that each i ∈ I lies outside ϕ n (I) for all sufficiently large n. Then the following assertions are equivalent:
(1) T
There exists an increasing sequence (n k ) k≥1 of positive integers such that for every i ∈ I we have: 
Remark 3.5. Recently, disjoint hypercyclic and disjoint supercyclic weighted translations on locally compact group G were studied in [7] and [21] . It is easy to see that when G is discrete, these weighted translations are special cases of pseudoshifts. Theorefore by Theorem 1.1 and Corollary 3.2, we can also get the equivalent conditions for weighted translations on locally compact discrete groups to be disjoint hypercyclic and disjoint supercyclic.
4. Disjoint supercyclic operator weighted shifts on ℓ 2 (Z, K)
The bilateral operator weighted shifts on space ℓ 2 (Z, K) were studied by Hazarika and Arora in [11] . In [20] , we proved that the bilateral operator weighted shifts are special cases of weighted pseudo-shifts. In this section, we will use 
Since {A n } ∞ n=−∞ is uniformly bounded, T is bounded and ||T || = sup i∈Z ||A i || < ∞.
A j+s−n x j−n .
(ii) The bilateral backward operator weighted shift T on ℓ 2 (Z, K) is defined by
A j+s x j+n .
Since each A n is an invertible diagonal operator on K, we conclude that
Now we are ready to state the main result.
Theorem 4.1. Let N ≥ 2, for each 1 ≤ l ≤ N, let T l be a bilateral forward operator weighted shift on ℓ 2 (Z, K) with weight sequence {A
is a uniformly bounded sequence of positive invertible diagonal operators on K.
Then for any integers 1 ≤ r 1 < r 2 < · · · · · · < r N , the following statements are equivalent:
There exists an increasing sequence (n k ) k≥1 of positive integers such that:
For every i 1 , i 2 ∈ N, j 1 , j 2 ∈ Z and 1 ≤ l, s ≤ N,
Proof. In [20] , we proved that ℓ 2 (Z, K) is a Hilbert sequence space over I := N×Z with an OP-basis (e i,j ) (i,j)∈I . Where for (i, j) ∈ I, e i,j := (.
n } n∈Z is a uniformly bounded sequence of positive invertible diagonal operators on K, there exist a uniformly bounded sequence of positive sequences {(a
In this interpretation each T l is a weighted pseudo-shift T b (l) ,ϕ on ℓ 2 (Z, K) with For any (i 1 , j 1 ), (i 2 , j 2 ) ∈ I and 1 ≤ l, s ≤ N,
For every (i, j) ∈ I and 1 ≤ s < l ≤ N, Which completes the proof.
In [8] , Feldman considered the hypercyclicity of bilateral weighted shifts on ℓ 2 (Z) that are invertible. Motivated by Feldman's work, in [20] we showed that if the weight sequence {A n } ∞ n=−∞ are assumed to satisfy that there exists some m > 0 such that ||A −1 n || ≤ m for all n < 0 (or for all n > 0), then the characterizing conditions for d-hypercyclicity simplify. Now, we establish the d-supercyclic conditions for this special case. The proof is similar to that in [20] , here we omit it. 
If n ∈ Z\(C ∪ D ∪ E) : A n (f k ) = f k for all k ≥ 0.
Let T be the bilateral forward operator weighted shift on ℓ 2 (Z, K) with weight sequence {A n } ∞ n=−∞ . Then T, T 2 are d-supercyclic.
Proof. Notice that for any n ∈ Z, Since 2 2k+1 + (2k + 1) − 1 < 2 · 2 2k+1 < 2 2k+3 − (2k + 3), 
